Holographic superconductors in the Born-Infeld electrodynamics by Jing, Jiliang & Chen, Songbai
ar
X
iv
:1
00
1.
42
27
v3
  [
gr
-q
c] 
 8 
Ju
n 2
01
0
Holographic superconductors in the Born-Infeld electrodynamics
Jiliang Jing∗ and Songbai Chen†
Institute of Physics and Department of Physics,
Hunan Normal University, Changsha, Hunan 410081, P. R. China
Key Laboratory of Low Dimensional Quantum Structures
and Quantum Control of Ministry of Education,
Hunan Normal University, Changsha, Hunan 410081, P. R. China
Abstract
We study the effects of the Born-Infeld electrodynamics on the holographic superconductors in the
background of a Schwarzschild AdS black hole spacetime. We find that the presence of Born-Infeld
scale parameter decreases the critical temperature and the ratio of the gap frequency in conductivity
to the critical temperature for the condensates. Our results means that it is harder for the scalar
condensation to form in the Born-Infeld electrodynamics.
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2I. INTRODUCTION
In the last century, Maldacena [1] has proposed an exact correspondence between gravity theory in a
(d + 1)-dimensional anti de Sitter (AdS) spacetime and a conformal field theory living on the d-dimensional
boundary. This is so-called AdS/CFT correspondence, which now is a powerful tool to understand the strong
coupled gauge theories [2–4]. In recent years, this holographic correspondence has been applied extensively
in the condensed matter physics including superconductivity [5–8] and superfluid [9, 10]. The first model for
holographic superconductors in the AdS black hole spacetime is proposed in [5]. The model consists of a
system with a black hole and a charged scalar field, in which the black hole admits scalar hair at temperature
T smaller than a critical temperature Tc. According to the AdS/CFT correspondence, the emergence of
a hairy AdS black hole means the formation of a charged scalar condensation in the dual CFTs [11]. This
indicates that the expectation value of charged operators undergoes the U(1) symmetry breaking and then the
second order phase transition is occurred. The electrical conductive for the condensations has been calculated
through the fluctuations of the vector potential, and it is shown that the condensation has zero electrical
direct current resistance, which is the same as that obtained in the Bardeen-Cooper-Schrieffer (BCS) theory
[12]. This has triggered many people to study holographic superconductors in the various theories of gravity
[13–41]. The holographic superconductors in Einstein-Gauss-Bonnet gravity have been studied in [13, 19] and
it is found that the higher curvature corrections make condensation harder. The models for the holographic
superconductors in the Horˇava-Lifshitz gravity have been investigated in [20–23]. The properties of holographic
superconductors have been considered in the string/M theory[24–28] and in the zero temperature limit [30–
33], respectively. These results can help us to understand more about the holographic superconductor in the
asymptotical AdS black holes.
All of the above models mentioned for the holographic superconductors are in the frame of Maxwell electro-
magnetic theory. It is of interest to investigate holographic superconductor in the nonlinear electromagnetic
generalization. One of the important nonlinear electromagnetic theories is Born-Infeld electrodynamics [42],
which was proposed in 1934 to avoid the infinite self energies for charged point particles arising in Maxwell
theory. The Born-Infeld electrodynamics displays good physical properties including the absence of shock
waves and birefringence. Among all electromagnetic theories, there are only two theories that have no bire-
fringence: Born-Infeld electrodynamics and Maxwell electrodynamics. Moreover, Born-Infeld theory is singled
out among all nonlinear electromagnetic theories for having electric-magnetic duality invariance [43]. In the
3string theory, Born-Infeld action can also describe gauge fields on a D-brane which arises from attached open
strings [44]. Combining Born-Infeld electrodynamics with general relativity, a spherically symmetric black
hole solution was obtained in [45]. The physical properties of the black hole have been studied extensively in
recent years [46–48]. In this paper, we will investigate the holographic superconductor in planner AdS black
hole in the frame of Born-Infeld electrodynamics. The main purpose in this paper is to see what effect of
Born-Infeld scale parameter on the holographic superconductor in this asymptotic AdS black hole.
This paper is organized as follows. In Sec. II, we give the basics equations and study numerically holographic
superconductors in the Born-Infeld electrodynamics. Our results show that the scalar condensation is harder
to form than in the Maxwell electrodynamics. In Sec. III, we ignore the backreaction of the dynamical matter
field on the spacetime metric and calculate the electrical conductivity of the charged condensates. Finally in
the last section we will include our conclusions.
II. THE CONDENSATE OF CHARGED OPERATORS
The metric of a planner Schwarzschild AdS black hole is
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dx2 + dy2), (1)
with
f(r) =
r2
L2
− 2M
r
, (2)
where L is the radius of AdS and M is the mass of black hole. The Hawking temperature is
TH =
3rH
4piL2
, (3)
where rH is the event horizon of the black hole.
Let us now consider an electric field and a charged complex scalar field in the background of a Schwarzschild-
AdS black hole. The Lagrangian can be expressed as
L = LBI − |∇µψ − iqAµψ|2 −m2ψ2, (4)
where ψ is a charged complex scalar field, LBI is Lagrangian density of the Born-Infeld electrodynamics
LBI = 1
b
(
1−
√
1 +
bF
2
)
. (5)
4Here F ≡ FµνFµν and Fµν is the nonlinear electromagnetic tensor which satisfies Born-Infeld equation
∂µ
(√−gFµν√
1 + bF2
)
= Jν . (6)
The scale parameter b indicates the difference between Born-Infeld and Maxwell electrodynamics. As b tends to
zero, the Lagrangian LBI approaches to − 14FµνFµν , and the Einstein-Maxwell theory is recovered. Assuming
that these fields are weakly coupled to gravity, we can neglect their backreactions on the metric. As in [5], we
adopt to the ansatz
Aµ = (φ(r), 0, 0, 0), ψ = ψ(r), (7)
and then find that the equations of motion for the complex scalar field ψ and electrical scalar potential φ(r)
can be written as
ψ
′′
+ (
f ′
f
+
2
r
)ψ′ +
φ2ψ
f2
+
2ψ
f
= 0, (8)
and
(
φ
′′
+
2
r
φ′
)(
1− bφ′2
)
+ bφ′2φ′′ − 2ψ
2
f
φ
(
1− bφ′2
)3/2
= 0, (9)
respectively. Here we set m2L2 = −2 and a prime denotes the derivative with respect to r. Obviously, the
motion equation (9) for the electrical scalar potential φ(r) is more complicated than that in usual Maxwell
theory. In order to solve the nonlinear equations (8) and (9) numerically, we need to seek the boundary
condition for φ and ψ near the black hole horizon r ∼ rH and at the spatial infinite r → ∞. The regularity
condition at the horizon gives the boundary conditions φ(rH) = 0 and ψ = − 3rH2 ψ′. At the spatial infinite
r →∞, the scalar filed ψ and the scalar potential φ can be approximated as
ψ =
ψ(1)
r
+
ψ(2)
r2
+ ..., (10)
and
φ = µ− ρ
r
+ ... . (11)
From the dual field theory, the constants µ and ρ can be interpreted as the chemical potential and charge
density respectively. The coefficients ψ(1) and ψ(2) correspond to the vacuum expectation values of the
condensate operator O dual to the scalar field. As in [49], we can impose the boundary condition that either
ψ(1) or ψ(2) vanish, so that the theory is stable in the asymptotic AdS region.
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FIG. 1: The condensates of operators O1(left) and O2(right) versus temperature. The condensates disappear as
T → Tc. The condensate is a function of temperature for various values of b. Here b is the scale parameter in
Born-Infeld electrodynamics.
b O1 O2
0 Tc ≈ 0.22553ρ
1/2 〈O1〉 ≈ 9.31Tc(1− T/Tc)
1/2 Tc ≈ 0.11842ρ
1/2 〈O2〉 ≈ 139.24 T
2
c (1− T/Tc)
1/2
0.1 Tc ≈ 0.22351ρ
1/2 〈O1〉 ≈ 9.48Tc(1− T/Tc)
1/2 Tc ≈ 0.10072ρ
1/2 〈O2〉 ≈ 207.36T
2
c (1− T/Tc)
1/2
0.2 Tc ≈ 0.22155ρ
1/2 〈O1〉 ≈ 9.62Tc(1− T/Tc)
1/2 Tc ≈ 0.08566ρ
1/2 〈O2〉 ≈ 302.76T
2
c (1− T/Tc)
1/2
0.3 Tc ≈ 0.21964ρ
1/2 〈O1〉 ≈ 9.74Tc(1− T/Tc)
1/2 Tc ≈ 0.07292ρ
1/2 〈O2〉 ≈ 432.64T
2
c (1− T/Tc)
1/2
TABLE I: The critical temperature and the expectation values for the operators O1 and O2 when T → Tc for different
values of b.
In Fig.1 we plot the variety of the condensates of operators O1 and O2 with the Born-Infeld scale parameter
b. We find that at low temperatures the condensate O2 has similar behaviors to the BCS theory for different
b. This means that there exist the holographic superconductors when the scalar field coupled a Born-Infeld
electromagnetic field in the Schwarzschild AdS black hole. However, we also note that the condensate O1
diverges as T → 0. This result is similar to that in the Einstein-Maxwell electrodynamics [5] when the
backreaction on the metric was neglected. From the Fig. 1, it is easy to find that the condensation gap
increases with the Born-Infeld scale parameter b. The means that the condensation gap becomes larger and
the scalar hair is formed more harder in the Born-Infeld electrodynamics. In the table (I) we present the
critical temperature Tc for the condensations and fit these condensation curves near T ∼ Tc . It is easy to
find that as b increases the critical temperature decreases for both condensations. The dependence of the
6condensation gap and the critical temperature on the Born-Infeld scale parameter are similar with that on
the Gauss-Bonnet term in the holographic superconductor.
III. THE ELECTRICAL CONDUCTIVITY
In this section we will compute the electrical conductivity by perturbing the electric field. Following the stan-
dard procedure in [5], we assume that the perturbation of the vector potential has a form δAx = Ax(r)e
−iωt.
Neglecting the backreaction of the perturbational field on background metric, one can obtain that the first-
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FIG. 2: The conductivity for operator 〈O2〉 for different values of b. Each plot is at low temperatures, about T/Tc ≈
0.11. The solid and dashed curves denote the real part Reσ and the imaginary part Imσ of conductivity, respectively.
order perturbational equation in the Born-Infeld electrodynamics has the form
[
A
′′
x +
f ′
f
A′x +
ω2
f2
Ax
]
(1− bφ′2) + bA′xφ′φ′′ −
2ψ2Ax
f
(1− bφ′2)3/2 = 0. (12)
Obviously, the above equation is more complicated than in the Einstein-Maxwell electrodynamics because
that the perturbational field Ax couples not only with the scalar field ψ but also with the scalar potential φ.
7Fortunately, we can solve this equation with an ingoing wave boundary condition Ax = f
− iω
3rH near the black
hole horizon. The general behavior of Ax at the spatial infinity can be expressed as
Ax = A
(0)
x +
A
(1)
x
r
+ .... (13)
According to the AdS/CFT, one can find [5] that A
(0)
x and A
(1)
x in the bulk corresponds to the source and
the expectation value for the current on the CFT boundary, respectively. Applying the Ohm’s law, we have
the conductivity obtained in [5]
σ(ω) =
〈Jx〉
Ex
= − i〈Jx〉
ωAx
= −i A
(1)
x
ωA
(0)
x
. (14)
In Fig. 2 we plot only the frequency dependent conductivity for operator 〈O2〉 obtained by solving the Born-
Infeld equation numerically for b = 0, 0.03, 0.06 and 0.09. We find a gap in the conductivity with the gap
frequency ωg. As the Born-Infeld scale parameter b increases the gap frequency ωg becomes smaller. Thus,
the effects of Born-Infeld scale parameter b on the gap frequency ωg are different from those originated by the
Gauss-Bonnet term. We also find that there exists the similar properties of the gap frequency for the operator
O1.
IV. SUMMARY
In this paper we studied holographic superconductors in the presence of Born-Infeld correction to Maxwell
electrodynamics in Schwarzschild AdS black hole spacetime. Considering that the Born-Infeld theory is
a main nonlinear electrodynamics, this investigation may help to understand the effects of the nonlinear
electrodynamics on the holographic superconductors. Adopting the probe limit, we found that the Born-Infeld
scale parameter influences the condensation formation and conductivity. The larger Born-Infeld corrections
make the scalar operator harder to condense. Moreover, we found that the gap frequency ωg the conductivity
becomes smaller as the parameter b increases. This effect is different from those originated by the Gauss-
Bonnet gravity. It would be of interest to generalize our study to other nonlinear electrodynamic theories.
Work in this direction will be reported in the future.
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